1. Introduction
Definitions
Let R = K[y] = K[y 1 , . . . , y n ] be a polynomial ring over an arbitrary field K and let F be a finite set {f 1 /g 1 , . . . , f s /g s } of rational functions in K(y), the quotient field of R, where f i (resp. g i ) is in R (resp. R \ {0}) for all i. As usual we denote the affine and projective spaces over the field K by A s and P s−1 , respectively. Points of the projective space P s−1 are denoted by [α] , where 0 = α ∈ K s . We consider the following sets parameterized by these rational functions:
(i) X is the set of all points [(f 1 (x)/g 1 (x), . . . , f s (x)/g s (x))] in P s−1 that are well defined, i.e.,
x ∈ K n , f i (x) = 0 for some i, and g i (x) = 0 for all i. We call X the projective set parameterized by F .
(ii) X is the set of all points [(f 1 (x)/g 1 (x), . . . , f s (x)/g s (x))] in P s−1 such that x ∈ K n and f i (x)g i (x) = 0 for all i. We call X the projective algebraic set parameterized by F . (iii) X * is the set of all points (f 1 (x)/g 1 (x), . . . , f s (x)/g s (x)) in A s such that x ∈ K n and g i (x) = 0 for all i. We call X * the affine set parameterized by F .
(iv) X * is the set of all points (f 1 (x)/g 1 (x), . . . , f s (x)/g s (x)) in A s such that x ∈ K n and f i (x)g i (x) = 0 for all i. We call X * the affine algebraic set parameterized by F . (v) φ(X * ) (resp. φ(X * )), is the projective closure of X * (resp. X * ), where φ : A s → P s is the map given by α → [(α, 1)].
Let S = K[t 1 , . . . , t s ] = ⊕ ∞ d=0 S d be a polynomial ring over the field K with the standard grading. The graded ideal I(X) (resp. I(X)) generated by the homogeneous polynomials of S that vanish at all points of X (resp. X) is called the vanishing ideal of X (resp. X). The vanishing ideal I(X * ) (resp. I(X * )) is the ideal of S of all polynomials that vanish at all points of X * (resp. X * ). Thus S/I(X) is a graded ring and S/I(X * ) is an affine ring.
Main Results

Rational parameterizations over infinite fields
We first study vanishing ideals over sets parameterized by rational functions over infinite fiels.
Theorem 2.1 Let B = K[y 0 , y 1 , . . . , y n , z, t 1 , . . . , t s ] be a polynomial ring over an infinite field K. If X is a projective set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) not all of them zero, then
Theorem 2.2 Let B = K[y 0 , y 1 , . . . , y n , z, t 1 , . . . , t s ] be a polynomial ring over an infinite field K. If X is a projective algebraic set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) with f i = 0 for all i, then
Theorem 2.3 Let B = K[y 0 , y 1 , . . . , y n , t 1 , . . . , t s ] be a polynomial ring over an infinite field K. If X * is the affine set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y), then
Theorem 2.4 Let B = K[y 0 , y 1 , . . . , y n , t 1 , . . . , t s ] be a polynomial ring over an infinite field K. If X * is the affine algebraic set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) and f i = 0 for all i, then
Rational parameterizations over finite fields
Now we study vanishing ideals over sets parameterized by rational functions over finite fiels.
Theorem 2.5
Let B = K[y 0 , y 1 , . . . , y n , z, t 1 , . . . , t s ] be a polynomial ring over a finite field K = F q . If X is a projective set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) and X = ∅, then
Theorem 2.6 Let B = K[y 0 , w, y 1 , . . . , y n , z, t 1 , . . . , t s ] be a polynomial ring over a finite field K = F q . If X is a projective algebraic set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) and X = ∅, then
Theorem 2.7 Let B = K[y 0 , y 1 , . . . , y n , t 1 , . . . , t s ] be a polynomial ring over a finite field K = F q . If X * is an affine set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y), then
Theorem 2.8 Let B = K[y 0 , w, y 1 , . . . , y n , z, t 1 , . . . , t s ] be a polynomial ring over a finite field K = F q . If X * is an affine algebraic set parameterized by rational functions f 1 /g 1 , . . . , f s /g s in K(y) with f i = 0 for all i, then
Example 2.9 Let f 1 = y 1 + 1, f 2 = y 2 + 1, f 3 = y 1 y 2 and let K = F 5 be a field with 5 elements.
Using our results and Macaulay2 [3] , we get deg S/I(X) = 19, deg S/I(X) = 6, deg S/I(X * ) = 25, deg S/I(X * ) = 9, reg S/I(X) = 5, reg S/I(X) = 2, reg a S/I(X * ) = 4, reg a S/I(X * ) = 2.
Applications
Our results are useful to compute a finite set of generators for vanishing ideals over finite fields and are interesting from a theoretical point of view. Let us give some application to vanishing ideals over monomial parameterizations.
Corollary 3.1 Let K = F q be a finite field. If X, X, X * , X * are parameterized by Laurent monomials, then I(X), I(X), I(X * ), I(X * ) are binomial ideals. 
Binomial vanishing ideals
The next conjecture has an affirmative solution in certain cases including the case in which q = 2. 
